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Abstract
The main subject of our study are P -groups, that is, the topological groups whose Gδ-sets are
open. We establish several elementary properties of P -groups and then prove that a P -group is
R-factorizable iff it is pseudo-ω1-compact iff it is ω-stable. This characterization is used to show
that direct products of R-factorizable P -groups as well as continuous homomorphic images of R-
factorizable P -groups are R-factorizable. A special emphasis is placed on the study of subgroups of
Lindelöf P -groups.
The concept of stability is applied to prove that if G is a dense subgroup of a direct product of
Lindelöf Σ-groups, then every continuous homomorphic image of G is R-factorizable and perfectly
κ-normal.
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1. Introduction
There are at least two different ways to express the idea that the topology of a
topological group can be generated by continuous homomorphisms to second countable
groups. The first one goes back to Guran’s notion of an ℵ0-bounded group and is equivalent
to the existence of an embedding of a group into a direct product of second countable
topological groups [20]. The class of ℵ0-bounded groups is stable with respect to direct
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products, taking arbitrary subgroups and continuous homomorphic images. This makes
ℵ0-bounded groups to look, within topological groups, very much like Tychonoff spaces
do in the realm of topological spaces.
A more restrictive approach is to require that continuous homomorphisms of a topol-
ogical group G to second countable groups generate all continuous real-valued functions
on G. More precisely, a topological group G is called R-factorizable [36,37] if, for every
continuous function f :G→R, one can find a continuous homomorphismp :G→H onto
a second countable topological group H and a continuous function h :H → R such that
f = h ◦ p. Since continuous real-valued functions generate the topology of a topological
group, every R-factorizable group is ℵ0-bounded [39, Proposition 5.3]. The following
theorem collects several known results and shows that the class of R-factorizable groups is
sufficiently wide.
Theorem 1.1. The class of R-factorizable groups contains:
(a) all totally bounded groups [35, Theorem 3.8];
(b) all Lindelöf groups [37, Assertion 1.1];
(c) arbitrary subgroups of σ -compact groups [37, Assertion 1.15];
(d) direct products of second countable groups and their dense subgroups (follows from
[37, Theorem 1.9]).
In fact, the class of R-factorizable groups is even wider: it contains arbitrary subgroups
of Lindelöf Σ-groups, direct products of Lindelöf Σ-groups and their dense subgroups
[37]. For the definition of Lindelöf Σ-spaces and Lindelöf Σ-groups as well as for their
properties, the reader is referred to [3,37,41].
It is very natural to compare categorical properties of ℵ0-bounded and R-factorizable
groups. The results of [36,37,39] revealed the following three main problems in the field:
Problem 1.2. Let G be an arbitrary R-factorizable group.
(A) Is every locally finite family of open sets in G countable?
(B) Are all continuous homomorphic images of G R-factorizable?
(C) Is the class of R-factorizable groups closed under taking direct products?
In this article, we continue the systematic study of R-factorizable groups started in [36,
37]. Almost all results we present here are related, explicitly or implicitly, with the above
questions (A), (B) and (C). We focus attention on Lindelöf groups and their subgroups,
with a special emphasis placed on P -groups, i.e., the groups whose Gδ-sets are open. Our
aim is to show that each of the three problems has the positive solution in the class of P -
groups. It is worth mentioning that the class of P -groups is very wide. One can take, for
example, an arbitrary topological group H of uncountable pseudocharacter and give H the
topology generated by the Gδ-sets in the original topology of H . Then the new topological
group (H)ω is a non-discrete P -group (see [11, 5.6]). The reader can find more helpful
information about P -groups in [11, 5.9, 6.12, 6.13].
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We distribute the material as follows. In Section 2, some elementary properties of P -
groups are established. It is also proved in Lemma 2.6 that every R-factorizable P -group
is pseudo-ω1-compact, thus answering (A) in the affirmative for P -groups.
The relations between Lindelöf, R-factorizable, pseudo-ω1-compact, and ω-stable
groups are studies in Section 3. We show that in the class of P -spaces, pseudo-ω1-
compactness is equivalent to ω-stability (see Proposition 3.28), so R-factorizableP -groups
are ω-stable. By Corollary 3.24, Lindelöf P -groups are τ -stable for each τ < ℵω , but
we do not know whether the restriction on the cardinal τ is necessary. We also prove in
Corollary 3.32 that pseudo-ω1-compact P -groups of weight  ω1 are Lindelöf. This result
applies several times in Sections 4 and 5.
In Section 4, we clarify the relations between z-embeddings, C-embeddings and
R-factorizability for Gδ-dense subgroups of R-factorizable groups. Then we show
in Theorem 4.16 that, for P -groups, R-factorizability is equivalent to pseudo-ω1-
compactness and, hence, to ω-stability. In Example 4.18, we construct, for every cardinal
λ > ω1, a dense R-factorizable subgroup Hλ of a Lindelöf P -group of cardinality λ which
fails to be weakly Lindelöf. This answers [36, Problem 3.6(b)] in the negative.
The results of Sections 2–4 are applied in Section 5 to solve Problems (B) and (C)
in the affirmative for P -groups (see Theorem 5.5 and Corollary 5.9). We also prove in
Theorem 5.12 that continuous homomorphic images of dense subgroups of direct products
of Lindelöf Σ-groups are R-factorizable, thus giving a partial answer to (B) and extending
the bounds for the class of R-factorizable groups.
1.1. Notation and terminology
All spaces are assumed to be Tychonoff if a different axiom of separation is not specified
explicitly. We consider only Hausdorff topological groups.
A space X satisfies wL(X)  τ if every open cover γ of X contains a subfamily µ
such that |µ| τ and ⋃µ is dense in X [24, p. 37]. If wL(X) ω, we simply say that X
is weakly Lindelöf. It is clear that Lindelöf spaces and spaces of countable cellularity are
weakly Lindelöf.
If every Gδ-set in X is open, then X is called a P -space. Evidently, every regular P -
space has a base of clopen sets. We say, by abuse of terminology, that a topological group
is a P -group if it is topologically a P -space.
Let τ be an infinite cardinal. A space X is called τ -stable if every continuous image Y
of X which admits a coarser Tychonoff topology of weight  τ satisfies nw(Y )  τ [2].
If X is τ -stable for each τ  ω, then X is stable. It is known that arbitrary products and
σ -products of second countable spaces are stable [2, Corollary 13]. We shall also use the
fact that every Lindelöf P -space is ω-stable [2, Theorem 17].
A spaceX is said to be pseudo-ω1-compact if every locally finite (equivalently, discrete)
family of open sets in X is countable [8,27]. Lindelöf spaces as well as spaces of countable
cellularity are pseudo-ω1-compact. More generally, weakly Lindelöf spaces are pseudo-
ω1-compact. However, the class of pseudo-ω1-compact spaces is strictly wider than the
class of weakly Lindelöf spaces. In fact, there are pseudo-ω1-compact topological groups
which fail to be weakly Lindelöf (see Example 4.18).
138 M. Tkachenko / Topology and its Applications 136 (2004) 135–167
A subset Y of a space X is Gδ-dense in X if Y intersects every non-empty Gδ-set in X.
If every continuous real-valued (bounded) function on Y extends to a continuous function
over X, then Y is C-embedded (C∗-embedded) in X. A dense C-embedded subset of X is
always Gδ-dense in X.
We say that Y is z-embedded in X if for every zero set F in Y , there exists a zero set P
in X such that P ∩ Y = F . It is well known that if Y is Gδ-dense in X and z-embedded,
then it is C-embedded in X (see [7]).
We use υX and µX to denote the Hewitt–Nachbin and Dieudonné completion of a
space X, respectively. Both completions υX and µX can be identified with subspaces of
the ˇCech–Stone compactification βX of X in such a way that X ⊆ µX ⊆ υX ⊆ βX [15].
In addition, X is C-embedded in both µX and υX (hence, X is Gδ-dense in each of these
completions).
For a topological group H , ib(H) is the minimal cardinal τ  ω such that H can
be covered by at most τ translates of every neighborhood of the identity. The group H
satisfying ib(H)  τ is called τ -bounded [20]. It is known that H is τ -bounded iff it is
topologically isomorphic to a subgroup of a direct product of groups having weight  τ
(see [20] or [39, Theorem 3.4]).
The kernel of a homomorphism π :G→H is kerπ . The fact that K is a subgroup of a
group L abbreviates to K  L. We denote by H the Raı˘kov completion of a topological
group H , and by ωH the Gδ-closure of H in H . It is clear that H is Gδ-dense in ωH
and ωH is a dense subgroup of H . Completeness in the class of topological groups
always means Raı˘kov completeness.
As usual, w(X),nw(X),χ(X),ψ(X),L(X), c(X), t (X) and hd(X) are the weight,
network weight, character, pseudocharacter, Lindelöf number, cellularity, tightness and
hereditary density of X, respectively. The character and pseudocharacter of a point x ∈X
are χ(x,X) and ψ(x,X).
The set of all positive integers is denoted by N. The cofinality of an infinite cardinal τ
is cf(τ ). The least cardinal greater than τ is τ+.
2. Elementary properties of P -groups
We start with general results aboutP -groups which will be frequently used in the sequel.
Lemma 2.1. Suppose that G is a P -group. Then:
(a) G has a base at the identity consisting of open subgroups, so that G is zero-
dimensional.
(b) If G is ℵ0-bounded, then it has a base at the identity which consists of open normal
subgroups.
(c) A quotient group of G is also a P -group.
(d) If G is a dense subgroup of a topological group H , then H is a P -group.
Proof. (a) For a neighborhoodU of the identity e in G, there exists a sequence {Un: n ∈ ω}
of open symmetric neighborhoods of e in G such that U0 ⊆ U and U2n+1 ⊆ Un for each
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n ∈ ω. Then N =⋂∞n=0 Un is a subgroup of G lying in U . Since G is a P -group, N is
open in G. Every open subgroup of G is closed, so G is zero-dimensional.
(b) Let U be a neighborhood of the identity in the ℵ0-bounded P -group G. By (a),
there exists an open subgroup N of G such that N ⊆ U . Consider the normal subgroup
P =⋂x∈G xNx−1 of G. It is clear that P ⊆ N ⊆ U and we claim that P is open in G.
Indeed, since G is ℵ0-bounded, there exists a countable set F in G such that F ·N =G.
Note that if x, y ∈G and y−1x ∈ N , then xNx−1 = yNy−1. Since every element x ∈G
belongs to yN for some y ∈ F , we conclude that P =⋂x∈G xNx−1 =⋂y∈F yNy−1 is
open in G.
(c) Suppose that π :G→H is a quotient homomorphism of G onto a group H . If Q is
a Gδ-set in H , then π−1(Q) is a Gδ-set in the P -group G, so that π−1(Q) is open in G.
Therefore, Q= ππ−1(Q) is open in H . This proves that H is a P -group.
(d) Let {Un: n ∈ ω} be a sequence of open neighborhoods of the identity e in H . There
exists a sequence {Vn: n ∈ ω} of open symmetric neighborhoods of e in H such that
V 2n+1 ⊆ Vn ⊆ Un for each n ∈ ω. Then N =
⋂∞
n=0 Vn is a closed subgroup of H . Since
G is a P -group, P = N ∩G =⋂∞n=0(Vn ∩G) is an open subgroup of G. Therefore, we
can take an open set W in H such that W ∩G= P . It is clear that e ∈W , and the density
of G in H implies that clH W = clH P ⊆ N . Since N ⊆⋂∞n=0 Un, we conclude that the
intersection
⋂∞
n=0 Un contains the open neighborhood W of e in H . Therefore, H is a
P -group. ✷
Example 2.1 of [36] shows that ℵ0-bounded P -groups need not be complete (see also
Example 4.18). The situation changes if one replaces ℵ0-boundedness by the stronger
property of being Lindelöf: every Lindelöf P -group is complete. To deduce this result,
we remind the following well-known fact.
Lemma 2.2. Let f :X→ Y be a continuous map of X to a Hausdorff space Y . If X is
Lindelöf and Y is a P -space, then the map f is closed.
Proof. If F is a closed subset of X, then both F and its image f (F ) are Lindelöf. Since
every Lindelöf subset of a Hausdorff P -space is closed, f (F ) is closed in Y . ✷
Proposition 2.3. A Lindelöf P -group G is complete.
Proof. Clearly, G is a dense subgroup of its completion H . By (d) of Lemma 2.1, H is
also a P -group. Let f :G→H be the identity embedding of G to H . Lemma 2.2 implies
that f is a closed map, whence it follows that G is closed in H and, hence, G =H . So,
the group G is complete. ✷
The next result shows that Lindelöf P -groups behave, in a sense, similarly to locally
compact σ -compact groups or complete second countable groups.
Lemma 2.4. Let π :G→H be a continuous onto homomorphism of Lindelöf P -groups.
Then π is open.
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Proof. By Lemma 2.2, the homomorphism π is closed and, hence, quotient. Let U be
an open subset of G. Then π−1π(U) = U · K is open in G, where K is the kernel
of π . Since π is a quotient map, the set π(U) has to be open in H . So, π is an open
homomorphism. ✷
The following simple property of ℵ0-bounded P -groups was, in fact, used in [36,
Example 2.1].
Lemma 2.5. Let G be an ℵ0-bounded P -group. Then every continuous homomorphic
image K of G with ψ(K) ω is countable.
Proof. Consider a continuous homomorphism π :G→ K onto a group K of countable
pseudocharacter. Since G is a P -group, the kernel N of π is an open normal subgroup
of G. By assumption, the group G is ℵ0-bounded, so it can be covered by countably many
translates of N . Therefore, the quotient groupG/N is countable. Finally, the groupsK and
G/N are algebraically isomorphic, whence |K| ω. ✷
One cannot omit “homomorphic” in Lemma 2.5 as the group H in Example 2.8 shows.
Indeed, H admits a disjoint open cover of cardinality ω1 or, equivalently, there exists a
continuous map of H onto a discrete space of cardinality ω1.
The next lemma is a part of Theorem 4.16 which characterizes R-factorizability of
P -groups. This lemma gives a partial answer to Problem 5.4 of [36] in the case of P -groups
(see also (A) of Problem 1.2 in the introduction).
Lemma 2.6. Every R-factorizable P -group is pseudo-ω1-compact.
Proof. Suppose to the contrary that an R-factorizable P -group G contains an uncountable
discrete family {Uα: α < ω1} of non-empty open sets. Let R = {rα : α < ω1} be a set of
pairwise distinct real numbers. For every α < ω1, define a continuous real-valued function
fα on G such that fα(xα) = rα for some xα ∈ Uα and f (x) = 0 if x ∈ G \ Uα . Then
the function f =∑α<ω1 fα is continuous on G. It is clear that R ⊆ f (G), so that f (G) is
uncountable. Since the groupG isR-factorizable, we can find a continuous homomorphism
π :G→ K onto a second countable group K and a continuous function h :K → R such
that f = h ◦ π . The group K is countable by Lemma 2.5, whence |f (G)| |K| ω. This
contradiction completes the proof. ✷
One cannot weakenR-factorizability to ℵ0-boundedness in Lemma 2.6, as Example 2.8
below shows. We shall use the following simple fact which implicitly goes back to [2].
A more general result will be established in Lemma 3.27.
Lemma 2.7. Every disjoint open cover of an ω-stable space is countable.
Proof. Suppose that a space X admits an uncountable disjoint open cover. Then there
exists a continuous map f :X→ Y onto a discrete space Y of cardinality ω1. In its turn,
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Y admits a one-to-one map to the reals R. If X were ω-stable, Y would have a countable
network, which is clearly not the case. ✷
Example 2.8. There exists an ℵ0-bounded P -group H which is neither R-factorizable,
nor ω-stable, nor pseudo-ω1-compact. In addition, H is hereditarily paracompact and its
completion H is a Lindelöf group.
Proof. Let G be any Lindelöf P -group of weight ω1 and H be a proper dense subgroup
of G (see [36, Example 2.1] or [6, Example 4.8]). Clearly, H is not Lindelöf. Every
Lindelöf P -group is complete by Proposition 2.3, so G = H . The group H is not R-
factorizable, as is shown in [21, Theorem 3.1]. Note that H is ℵ0-bounded as a subgroup of
the ℵ0-bounded groupG. In addition,H is zero-dimensional and hereditarily paracompact,
as every P -space of weight ω1 [42]. Therefore, H admits a disjoint open cover γ of
cardinality ω1 and, hence, H is not pseudo-ω1-compact. Finally, Lemma 2.7 implies that
H is not ω-stable. ✷
3. Lindelöf, τ -stable and pseudo-ω1-compact groups
In what follows, the notion of a τ -complete family of maps plays an important role in
our arguments (see [30]). Suppose that f :X→ Y and g :X→ Z are continuous maps.
We write f ≺ g if there exists a continuous map ϕ :f (X)→ Z such that g = ϕ ◦ f . Let
F be a family of continuous maps of X elsewhere. Given a subfamily γ of F , we denote
by ∆γ the diagonal product of the maps from γ considered as a map of X onto its image.
It is clear that ∆γ is continuous for every γ ⊆ F . If τ is an infinite cardinal, we say that
F is τ -directed if, for every γ ⊆ F with |γ | τ , there exists f ∈ F such that f ≺∆γ .
A family F is τ -complete if, for every subfamily {fα : α < τ } ⊆ F satisfying fβ ≺ fα
whenever α < β < τ , the map ∆α<τfα belongs to F .
The next two results appeared (without proof) in [41]. Since they are used several times
in the article, we supply the reader with the proofs.
Lemma 3.1. Let G be a topological group satisfying L(G) κ and L be the family of all
quotient homomorphisms ϕ :G→ K onto groups K with nw(K)  τ , where κ < cf(τ ).
Then the family L is τ -complete.
Proof. Suppose that the family {fα : α < τ } ⊆ L satisfies fβ ≺ fα whenever α < β < τ .
Let f = ∆α<τfα and G∗ = f (G). We also put Gα = fα(G) for α < τ . Since G∗ is
a subgroup of the direct product
∏
α<τ Gα and nw(Gα)  τ for each α  τ , we have
nw(G∗) τ . So, it suffices to show that the homomorphism f is open.
Let U and V be neighborhoods of the identity e in G such that V 2 ⊆ U . For every
α < τ , denote by Nα the kernel of the homomorphism fα . Then Nβ ⊆ Nα if α < β < τ ,
and N =⋂α<τ Nα is the kernel of f . Since L(G)  κ < cf(τ ), there exists an ordinal
α < τ such that Nα ⊆ V ·N . Then
f−1α fα(V )= V ·Nα ⊆ V · V ·N ⊆U ·N = f−1f (U). (∗)
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Note that f ≺ fα , so there exists a continuous homomorphism gα :G∗ →Gα such that
fα = gα ◦ f . Hence, from (∗) it follows that g−1α (fα(V )) ⊆ f (U). The homomorphism
fα ∈ L is open, so g−1α (fα(V )) is an open neighborhood of the identity e∗ in G∗. This
proves that the interior of f (U) is non-empty and contains the identity of G∗. We conclude
that the homomorphism f is open and f ∈L. ✷
We say that a family R of continuous maps of a space X generates the topology of X
if the maps from R separate points and closed sets in X. If the family R is τ -directed,
τ -complete and generates the topology of X, then R is called a τ -lattice for X [30]. The
next result complements Lemma 3.1.
Lemma 3.2. Let G be a τ -stable topological group with L(G) τ . Then the family L of all
quotient homomorphisms onto groups of network weight  τ is τ -directed and generates
the topology of G.
Proof. Since ib(G) L(G) τ , the groupG is topologically isomorphic to a subgroup of
a direct product of topological groups having weight  τ (see [20] or [39, Theorem 3.4]).
Equivalently, for a given neighborhood U of the identity in G, one can find a continuous
homomorphism p :G→ H onto a topological group H with w(H)  τ and an open
neighborhood V of the identity in H such that p−1(V )⊆ U . Let N be the kernel of p and
π :G→G/N be the quotient homomorphism. The groups G/N and H are algebraically
isomorphic, so there exists an isomorphism i :G/N → H such that p = i ◦ π . Since π
is open, the isomorphism i is continuous. From the τ -stability of G and w(H)  τ it
follows that nw(G/N)  τ and, hence, π ∈ L. It remains to note that W = i−1(V ) is an
open neighborhood of the identity in G/N and π−1(W)= π−1(i−1(V ))= p−1(V )⊆ U .
So, the family L generates the topology of G. A similar argument shows that L is
τ -directed. ✷
The further study of topological groups requires several results about topological spaces
with τ -lattices of open maps. First, we recall the definition of τ -cellular spaces introduced
by Arhangel’skii in [3].
Definition 3.3. Let τ be an infinite cardinal and X be a space. Then celτ (X) is the minimal
cardinal λ ω with the property that every family C of Gτ -sets in X contains a subfamily
D with |D| λ such that⋃D is dense in⋃C . A space X satisfying celτ (X) τ is called
τ -cellular.
It is easy to see that every space X satisfies
c(X) celτ (X) celδ(X) hd(X)
wheneverω  τ < δ. We can now reformulate the well-known result established by Efimov
in [14] as follows: Dyadic compact spaces are τ -cellular for every τ  ω. Note that if Y
is a continuous image of a space X, then celτ (Y ) celτ (X). Therefore, Efimov’s theorem
follows from a special case of [3, Theorem 5.5]: an arbitrary product P of spaces with
countable networks satisfies celτ (P )  τ . Theorem 3.5 below extends the latter result to
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spaces having a special τ -lattice of open maps; it will be applied to topological groups in
Corollaries 3.12 and 3.14.
Suppose that R is a family of continuous maps of a space X. We call a subset F of X
R-cylindric if there exists f ∈R such that F = f−1f (F ) and f (F ) is closed in f (X).
Lemma 3.4. Suppose that R is a τ -directed family of continuous maps of X which
generates the topology of X. Then every Gτ -set in X is the union of R-cylindric sets.
Proof. Let P be a Gτ -set in X and x ∈ P . There exists a family {Uα : α < τ } of open
sets in X such that P =⋂α<τ Uα . Since R generates the topology of X, we can find, for
every α < τ , a map fα ∈R and an open set Vα in fα(X) such that x ∈ f−1α (Vα) ⊆ Uα .
The family R is τ -directed, so there exists f ∈ R such that f ≺ fα for each α < τ .
Therefore, f−1f (x)⊆⋂α<τ Uα = P . In other words, the set F = f−1f (x) isR-cylindric
and x ∈ F ⊆ P . This proves the lemma. ✷
Theorem 3.5. If a space X has a τ -lattice of open maps onto spaces of network weight
 τ , then celτ (X) τ .
Proof. Denote by R a τ -lattice of open maps for X such that nw(f (X))  τ for each
f ∈R. Let µ= {Fi : i ∈ I } be an arbitrary family of Gτ -sets in X. By Lemma 3.4, we can
assume that every element of µ isR-cylindric. For every i ∈ I , choose a map fi ∈R such
that Fi = f−1i fi (Fi). The rest of the proof is a standard recursive construction of length τ .
Let g0 be an arbitrary element of R. Since nw(g0(X)) τ , there exists a subfamily µ0 of
µ with |µ0|  τ such that g0(⋃µ0) is dense in g0(⋃µ). Suppose that for some α < τ ,
we have defined two families {gβ : β < α} ⊆R and {µβ : β < α} satisfying the following
conditions for each β < α:
(1) gβ ≺ gγ if γ < β ;
(2) µβ ⊆ µ and |µβ | τ ;
(3) gβ(
⋃
µβ) is dense in gβ(
⋃
µ);
(4) F = g−1β gβ(F ) whenever F ∈ µγ and γ < β .
Set λ =⋃β<α µβ . Then λ ⊆ µ and |λ|  τ by (2), so λ = {Fi : i ∈ Iα}, where Iα ⊆ I ,
|Iα| τ . Since the family R is τ -directed, we can choose gα ∈R such that gα ≺ gβ for
each β < α and gα ≺ fi , for each i ∈ Iα . Then nw(gα(X)) τ , so there exists a subfamily
µα of µ such that |µα|  τ and gα(⋃µα) is dense in gα(⋃µ). Clearly, the families
{gβ : β  α} and {µβ : β  α} satisfy (1)–(4). This finishes our construction.
Consider the map g =∆{gα : α < τ } and the family µ∗ =⋃α<τ µα . Then (2) implies
that |µ∗| τ . Since R is τ -complete, we have g ∈R. In particular, g is an open map. In
addition, (4) implies that g−1g(F ) = F for each F ∈ µ∗, so that ⋃µ∗ = g−1g(⋃µ∗).
From (3) and our definition of µ∗ it follows that gα(
⋃
µ∗) ⊇ gα(⋃µα) is dense in
gα(
⋃
µ) for each α < τ . Therefore, (1) and the definition of g together imply that g(⋃µ∗)
is dense in g(
⋃
µ). Since the map g is open, we have




















µ∗ is dense in
⋃
µ. This completes the proof. ✷
Since c(X)  celτ (X) for each τ  ω, the following corollary to Theorem 3.5 is
immediate (it can be also deduced from [9, Theorem 1] or [32, Theorem 6]).
Corollary 3.6. Suppose that a spaceX has a τ -lattice of open maps onto spaces of network
weight  τ . Then c(X) τ .
For further applications, we need a simplified version of [37, Lemma 2.13] which
guarantees the existence of partial factorizations of continuous maps.
Lemma 3.7. Let S be a dense subspace of a space X, f :S → Y and ϕ :X → Z be
continuous onto maps of regular spaces, and T ⊆ Z. Suppose that for every t ∈ T , there
exists yt ∈ Y such that ϕ−1(t) ⊆ f−1(yt ). Also, suppose that the map ϕ is open and put
S0 = S ∩ ϕ−1(T ). Then ϕS0 ≺ f S0 .
Now we present [34, Theorem 1] in a slightly different form which suits well our
purposes. Note that an application of Theorem 3.5 and Lemma 3.7 makes its proof ten
times shorter than the original one in [34]. The results are close each other but, in strict
terms, Theorem 3.8 does not follow from [34, Theorem 1].
Theorem 3.8. Let R be a τ -lattice of open maps of X such that nw(ϕ(X))  τ for each
ϕ ∈R. Suppose that S is dense in X and f :S→ Y is a continuous map onto a regular
space Y satisfying χ(Y )  τ . Then there exists ϕ ∈R such that ϕS ≺ f . In particular,
nw(Y ) τ .
Proof. Since χ(Y )  τ , there exists a family γ of Gτ -sets in X such that S ⊆ ⋃γ ,
f admits a continuous extention g :
⋃
γ → Y and g is constant on each member of
γ . According to Lemma 3.4 we may assume that every F ∈ γ is R-cylindric. Apply
Theorem 3.5 to find a subfamily θ of γ such that |θ |  τ and ⋃ θ is dense in ⋃γ .
Then
⋃
θ is dense in X. Since the family R is τ -directed, there exists ϕ ∈R such that
F = ϕ−1ϕ(F ) for each F ∈ θ . Finally, it remains to apply Lemma 3.7 (with g in place of f
and T = ϕ(⋃θ)) to conclude that ϕS ≺ f . So, there exists a continuous map h :ϕ(S)→ Y
satisfying f = h ◦ ϕ, whence nw(Y ) nw(ϕ(S)) nw(ϕ(X)) τ . ✷
The result below complements Theorem 3.8 in the special case when S =X; it will be
applied to topological groups in Corollary 3.14 and in Section 5.
Theorem 3.9. Let X be a space with a τ -lattice R of open maps onto spaces of network
weight τ . If f :X→ Y is a continuous map onto a regular space Y satisfying ψ(Y ) τ ,
then there exists ϕ ∈R such that ϕ ≺ f . In particular, nw(Y ) τ .
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Proof. Since ψ(Y )  τ and f is continuous, the family γ = {f−1(y): y ∈ Y } consists
of Gτ -sets in X and, clearly,
⋃
γ = X. By Lemma 3.4, every fiber f−1(y) is the union
of a family µy of R-cylindric sets. Let µ =⋃y∈Y µy . Then µ covers X and refines γ .
The space X is τ -cellular by Theorem 3.5, so there exists a subfamily ν of µ such that
|ν|  τ and ⋃ ν is dense in ⋃µ = X. Since R is τ -directed, we can find ϕ ∈ R such
that F = ϕ−1ϕ(F ) for each F ∈ ν. Therefore, Lemma 3.7 (with S =X and T = ϕ(⋃ν))
implies that ϕ ≺ f and, hence, nw(Y ) nw(ϕ(X)) τ . ✷
Corollary 3.10. Every space with a τ -lattice of open maps onto spaces of network weight
 τ is τ -stable.
Proof. Let a space X have a τ -lattice R of open maps onto spaces of network weight
 τ . Suppose that f :X→ Y is a continuous map onto a space Y which admits a coarser
Tychonoff topology of weight  τ . Then ψ(Y )  τ , so Theorem 3.9 implies that ϕ ≺ f
for some ϕ ∈R. Therefore, nw(Y ) τ . ✷
The next result follows from Theorem 3.8. It shows that continuous functions defined
on dense subspaces of Lindelöf τ -stable groups with cf(τ ) > ω admit a special type of
factorization (see [41, Theorem 6]).
Corollary 3.11. Let S be a dense subspace of a Lindelöf τ -stable group G, and suppose
that L is the family of all quotient homomorphisms of G onto groups K with nw(K) τ ,
where cf(τ ) > ω. Then, for every continuous map f :S→ Y onto a regular space Y with
χ(Y ) τ , one can find π ∈ L such that πS ≺ f . In particular, nw(Y ) τ .
Proof. By Lemmas 3.1 and 3.2,L is a τ -lattice for G. Given a continuous map f of S onto
a regular space Y with χ(Y )  τ , apply Theorem 3.8 to find π ∈ L satisfying πS ≺ f .
Hence, nw(Y ) nw(π(S)) τ . ✷
Applying Lemmas 3.1, 3.2 and Theorem 3.5, we obtain the next result.
Corollary 3.12. Every τ -stable topological group G with L(G) < cf(τ ) is τ -cellular.
Corollary 3.13. Every Lindelöf ω1-stable topological group is ω1-cellular.
By Corollary 3.23 below, every Lindelöf ω-stable group is ω1-stable, so the conclusion
in Corollary 3.13 remains valid for Lindelöf ω-stable groups. Note that the above result
strengthens [41, Corollary 2].
Corollary 3.14. Let G be a Lindelöf τ -stable topological group, where cf(τ ) > ω. Then,
for every continuous map f :G→ Y onto a regular space Y with ψ(Y ) τ , one can find
a quotient homomorphism π :G→ K onto a topological group K with nw(K) τ such
that π ≺ f . In particular, nw(Y ) τ .
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Proof. Denote by L the family of all quotient homomorphisms of G onto topological
groups K with nw(K)  τ . By Lemmas 3.1 and 3.2, L is τ -lattice for G. It remains to
apply Theorem 3.9. ✷
Corollaries 3.11 and 3.14 suggest a number of questions. Two of them are given below.
Problem 3.15. Let f :G→ Y be a continuous map of a Lindelöf group G onto a regular
space Y .
(a) (Arhangel’skii [3].) If Y is compact and first countable, is it metrizable? What if,
additionally, G is ω-stable?
(b) If ψ(Y ) ω, is then |Y | 2ω?
From [28, Corollary 1.2] it follows that the space Y as in (b) of Problem 3.15 satisfies
t (Y ) hd(Y ) 2ω, whence |Y | 2L(Y )ψ(Y )t (Y ) 22ω by Shapirovskii’s theorem (see [31,
Theorem 2] or [24, Theorem 2.27]).
It is known that dense subgroups of Lindelöf groups need not be R-factorizable (see
our Example 2.8 or [36, Example 2.1]). In some cases, however, such subgroups have a
weaker property called ω1-factorizability. We define the general notion of τ -factorizability
as a parametric version of R-factorizability.
Definition 3.16. A topological group G is called τ -factorizable if, for every continuous
real-valued function f on G, one can find a continuous homomorphism π :G→H onto a
topological group H with w(H) τ such that π ≺ f .
It is clear that R-factorizability and ω-factorizability coincide, while τ -factorizability
implies λ-factorizability whenever τ < λ. Therefore, R-factorizable groups are τ -fac-
torizable for every infinite cardinal τ . The following two facts are almost immediate, their
proofs are simple modifications of the arguments given in Assertion 5.3 and Theorem 5.5
of [39], respectively.
Lemma 3.17. Every τ -factorizable topological group is τ -bounded.
Lemma 3.18. A topological group G with L(G) τ is τ -factorizable.
In the next lemma, we establish a criterion of τ -stability in the class of τ -factorizable
topological groups.
Lemma 3.19. Let G be a τ -factorizable topological group. Then G is τ -stable iff every
continuous homomorphic image H of G with ψ(H) τ satisfies nw(H) τ .
Proof. Suppose that the group G is τ -stable and consider a continuous homomorphism
p :G→ H onto a topological group H with ψ(H)  τ . By Lemma 3.17, the group G
is τ -bounded, and so is H . Therefore, [39, Proposition 4.5] implies that there exists a
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continuous isomorphism i :H → K onto a topological group K satisfying w(K)  τ .
Since the group G is τ -stable, we conclude that nw(H) τ .
Conversely, suppose that every continuous homomorphic image P of G with ψ(P) τ
satisfies nw(P )  τ . Let f :G → X and i :X → Y be continuous onto maps, where
w(Y )  τ and i is one-to-one. Since G is τ -factorizable, one can find a continuous
homomorphism π :G→H onto a topological group H with w(H) τ and a continuous
map j :H → Y such that i ◦ f = j ◦ π . Let K be the kernel of π and p :G→G/K be
the quotient homomorphism. Clearly, there exists an algebraic isomorphism h :G/K→H












Consider the map u = i−1 ◦ j ◦ h of G/K onto X. Since i is one-to-one, the equalities
i ◦ f = j ◦ π = j ◦ h ◦ p imply that f = u ◦ p. The homomorphism p is open, so the
map u is continuous. The map v = i ◦ u= j ◦ h of G/K onto Y is also continuous. Since
w(H) τ and h :G/K→H is a continuous isomorphism, we have ψ(G/K) τ . Hence,
by our assumption, nw(G/K)  τ . Finally, X is an image of the group G/K under the
continuous map u, so nw(X) nw(G/K) τ . This proves that G is τ -stable. ✷
Combining Lemmas 2.5, 3.17 and 3.19 (with τ = ω), we deduce the next fact which
will be complemented in Corollary 4.12.
Corollary 3.20. Every R-factorizable P -group is ω-stable.
We shall see in Corollary 3.24 that Lindelöf P -groups have a stronger property: they
are τ -stable for each τ < ℵω. To show this, we use the following result which immediately
follows from [39, Lemma 3.7].
Lemma 3.21. Let U is a neighborhood of the identity in a τ -bounded topological group
H . Then there exists a continuous homomorphism ϕ :H →K onto a topological group K
with w(K) τ such that kerϕ ⊆U .
Now we present a general result whose proof is based on Lemma 3.1.
Theorem 3.22. If a τ -stable topological group G satisfies L(G) τ , then G is τ+-stable.
Proof. Let p :G→H be a continuous homomorphism of G onto a topological group H
satisfying ψ(H)  λ, where λ = τ+. By Lemmas 3.18 and 3.19, it suffices to show that
nw(H) λ.
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Clearly, the group H is τ -stable and satisfies L(H)  τ . There exists a family
{Uα: α < λ} of open neighborhoods of the identity e in H such that {e} =⋂α<λUα .
Apply Lemma 3.21 to find, for every α < λ, a continuous homomorphism pα :H →
Kα onto a topological group Kα with w(Kα)  τ such that Nα = kerpα ⊆ Uα . The
homomorphisms pα’s can be chosen to satisfy pβ ≺ pα whenever α < β < λ. Let
πα :H → H/Nα be the quotient homomorphism, α < λ. The groups H/Nα and Kα
are algebraically isomorphic and, since the homomorphism πα is open, there exists a
continuous isomorphism iα :H/Nα → Kα satisfying pα = iα ◦ πα . Then the τ -stability
of H and the inequality w(Kα) τ imply that nw(H/Nα) τ for each α < λ.
If α < β < λ, then pβ ≺ pα , whence it follows that Nβ ⊆ Nα and πβ ≺ πα . Since
L(H)  τ and the homomorphisms πα’s are open, Lemma 3.1 implies that the diagonal
product π = ∆α<λπα of the family {πα: α < λ} is an open homomorphism of H onto
its image π(H) ⊆∏α<λ H/Nα . Each factor of this product satisfies nw(H/Nα)  τ , so








that is, π is an open isomorphism of H onto π(H). We conclude that the groups H and
π(H) are topologically isomorphic and, hence, nw(H) λ. ✷
Corollary 3.23. Let G be a Lindelöf ω-stable topological group. Then G is τ -stable for
each τ < ℵω.
Proof. Apply induction on n ∈ ω along with Theorem 3.22 to show that G is ℵn-stable for
each n ∈ ω. ✷
Since every Lindelöf P -space is ω-stable, we have the following result.
Corollary 3.24. Lindelöf P -groups are τ -stable for each τ < ℵω.
Note that Corollaries 3.20 and 3.24 cannot be extended to ℵ0-bounded P -groups (see
Example 2.8).
Many questions about stability of topological groups remain open, even for Lindelöf
groups.
Problem 3.25. Find out which of the following assertions are valid:
(a) Every Lindelöf ω-stable topological group is stable.
(b) Every Lindelöf P -group is stable.
(c) Every R-factorizable P -group is τ -stable for each τ < ℵω.
(d) Every R-factorizable ω-stable group is ω1-stable.
Corollary 3.6 makes it interesting to find the answer to the following open problem.
Problem 3.26. Is it true that c(G) ω1 for every R-factorizable ω-stable group G?
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Note that the answer to the above problem will be “yes” if one strengthens R-
factorizability of G to the Lindelöf property (see [41, Corollary 2] or apply Corollaries 3.13
and 3.23). On the other hand, there exists a Lindelöf group H with c(H)= 2ω (see [17,
Example 8]), so one cannot omit “ω-stable” in Problem 3.26 without recourse to the
Continuum Hypothesis.
Let us clarify the relationships between ω-stability and pseudo-ω1-compactness. The
next result generalizes Lemma 2.7.
Lemma 3.27. Every ω-stable space is pseudo-ω1-compact.
Proof. Suppose thatX contains an uncountable discrete family {Uα: α < ω1} of nonempty
open sets. For every α < ω1, pick a point xα ∈ Uα and define a continuous real-valued
function fα on X with values in [0,1] such that fα(xα) = 1 and fα(X \ Uα) ⊆ {0}.
Denote by Cp(X) the space of all continuous real-valued functions on X endowed with





t (α) · fα(x),
where t ∈ [0,1]ω1 and x ∈X. Since the family {Uα: α < ω1} is discrete, our choice of the
functions fα’s guarantees that each Φ(t) is continuous on X. It is easy to see that the map
Φ is injective. Indeed, if t1, t2 are distinct points of [0,1]ω1 , then t1(α) = t2(α) for some
α < ω1 and, hence,
Φ(t1)(xα)= t1(α) = t2(α)=Φ(t2)(xα).
So, Φ(t1) =Φ(t2).
We claim that the map Φ is continuous. Indeed, let t0 ∈ [0,1]ω1 be arbitrary and V
be a neighborhood of g0 = Φ(t0) in Cp(X). Then there exist points x1, . . . , xn ∈X and a
number ε > 0 such that the basic open set
W = {g ∈Cp(X): ∣∣g(xi)− g0(xi)∣∣< ε for each i = 1, . . . , n}
satisfies g0 ∈W ⊆ V . Clearly, there are at most n distinct ordinals α < ω1 such that xi ∈Uα
for some i  n. Let α1, . . . , αk be the list of such α’s. Put
O = {t ∈ [0,1]ω1: ∣∣t (αj )− t0(αj )∣∣< ε for each j = 1, . . . , k}.
Then O is an open neighborhood of t0 in [0,1]ω1 . Let t ∈ O be arbitrary. If i  n and
xi /∈⋃α<ω1 Uα , then Φ(t)(xi)= 0 = g0(xi). If xi ∈ Uαj for some i  n and j  k, then










= ∣∣t (α)fα(xi)− t0(α)fα(xi)∣∣= fα(xi) · ∣∣t (α)− t0(α)∣∣< 1 · ε = ε.
We conclude that Φ(t) ∈W for each t ∈O and, hence, Φ(O)⊆W ⊆ V . This proves the
continuity of Φ .
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Since the map Φ : [0,1]ω1 → Cp(X) is one-to-one and continuous, it must be an
embedding. Hence, Cp(X) contains a copy of the Tychonoff cube [0,1]ω1 . Now we apply
[2, Theorem 21]: if X is ω-stable, then every separable subset of Cp(X) has a countable
network. Since the cube [0,1]ω1 is a separable space of uncountable network weight, we
conclude that X is not ω-stable. ✷
In general, pseudo-ω1-compactness does not imply ω-stability (the Niemytzki plane is
a counterexample). For P -spaces, however, the situation is different.
Proposition 3.28. For P -spaces, ω-stability is equivalent to pseudo-ω1-compactness.
Proof. By Lemma 3.27, every ω-stable space is pseudo-ω1-compact. Conversely, suppose
that X is a pseudo-ω1-compact P -space. Let f :X→ Y and i :Y → Z be continuous onto
maps, where Z is a second countable space and i is a bijection. Then Y has countable
pseudocharacter. Denote by Yd the set Y endowed with the discrete topology. Since X is
a P -space, the map f :X→ Yd remains continuous. Therefore, Yd is pseudo-ω1-compact
as a continuous image of X. Every discrete pseudo-ω1-compact space is countable, so
nw(Y ) |Y | ω. This proves that X is ω-stable. ✷
Note that the combination of Proposition 3.28 and Lemma 2.6 gives another proof of
Corollary 3.20.
Now we present an auxiliary fact which can be deduced from a number of articles (see,
for example, [12] or [39]). For the reader’s convenience, we give its proof here.
Lemma 3.29. Every pseudo-ω1-compact group is ℵ0-bounded.
Proof. Suppose to the contrary that a pseudo-ω1-compact group G is not ℵ0-bounded.
Then there exists a neighborhood U of the identity e in G such that A · U = G for each
countable subset A of G. By recursion, define a subset {xα: α < ω1} of G such that
xβ /∈ xαU if α < β < ω1. Let V be an open symmetric neighborhood of e in G such that
V 4 ⊆ U . Then, for every x ∈G, the set xV intersects at most one element of the family
γ = {xαV : α < ω1}. Therefore, γ is an uncountable discrete family of open sets in G, thus
contradicting the pseudo-ω1-compactness of G. ✷
Corollary 3.30. Every ω-stable topological group is ℵ0-bounded.
Proof. Apply Lemmas 3.27 and 3.29. ✷
Neither pseudo-ω1-compact P -spaces nor pseudo-ω1-compact P -groups have to be
Lindelöf (consider the groupHλ in Example 4.18 and apply Proposition 2.3). An additional
restriction on such spaces in the next lemma does imply the Lindelöf property.
Lemma 3.31. A regular pseudo-ω1-compact P -space X with L(X) ω1 is Lindelöf.
Proof. Suppose to the contrary that γ is an open cover of X such that X \⋃µ = ∅ for
each countable subfamily µ of γ . Since L(X)  ω1, we can assume that |γ | = ω1. The
M. Tkachenko / Topology and its Applications 136 (2004) 135–167 151
P -space X has a base of clopen sets, so we can additionally assume that all elements of
γ are clopen. Let γ = {Uα: α < ω1}. For every α < ω1, the set Vα = Uα \⋃β<α Uβ is
clopen in X. The family λ= {Vα: α < ω1} is disjoint and⋃λ=⋃γ =X. Since λ refines
γ , we have |λ| = |γ | = ω1. So, λ is an uncountable disjoint open cover of X and, hence,
the space X is not pseudo-ω1-compact. ✷
Again, Example 4.18 below shows that Lemma 3.31 is no more valid for pseudo-ω1-
compact P -spaces of weight  ω2, not even for topological groups.
Corollary 3.32. A pseudo-ω1-compact P -group G with L(G)  ω1 is Lindelöf. In parti-
cular, every pseudo-ω1-compact P -group of weight  ω1 is Lindelöf.
In what follows we use a theorem which can be obtained by combining two results of
[29, Section 2]:
Theorem 3.33. Let f be a continuous real-valued function defined on a topological group
G satisfying wL(G) τ . Then there exists a quotient homomorphism π :G→ H onto a
topological group H with ψ(H) τ such that π ≺ f .
Now we present a subclass of theR-factorizable groups obtained by assuming two weak
compactness type properties.
Proposition 3.34. Every weakly Lindelöf ω-stable topological group is R-factorizable.
Proof. Let f :G→ R be a continuous function defined on a weakly Lindelöf ω-stable
group G. By Theorem 3.33, we can find a continuous homomorphism π :G→H onto a
topological group H of countable pseudocharacter and a continuous function g :H → R
such that f = g ◦ π . The group H is ω-stable as a continuous image of the ω-stable
group G. Therefore, H is ℵ0-bounded by Corollary 3.30. Since ψ(H)  ω, from [39,
Proposition 4.5] it follows that H admits a weaker second countable Hausdorff group
topology. Being ω-stable, the group H must have a countable network. Then H is Lindelöf
and, hence, R-factorizable. Now we find a continuous homomorphism p :H →K onto a
second countable group K and a continuous function h :K→R such that g = h ◦p. Then
the homomorphism ϕ = p ◦ π of G to K and the function h satisfy f = h ◦ ϕ and witness
the R-factorizability of G. ✷
We finish this section with a problem showing that our knowledge aboutR-factorizability
is very far from complete.
Problem 3.35. Find out which of the following are true:
(1) every weakly Lindelöf topological group is R-factorizable;
(2) every ω-stable topological group is R-factorizable;
(3) every pseudo-ω1-compact topological group is R-factorizable.
152 M. Tkachenko / Topology and its Applications 136 (2004) 135–167
Note that R-factorizable groups need not be either weakly Lindelöf or ω-stable. Indeed,
an R-factorizable not weakly Lindelöf group is constructed in Example 4.18, while totally
bounded groups are R-factorizable by (a) of Theorem 1.1, but they can easily fail to be ω-
stable. To see this, consider the circle group T with its usual compact group topology
and denote by T# the underlying abstract group T endowed with the maximal totally
bounded group topology (which is called the Bohr topology). Then the identity map
i :T# → T is a continuous isomorphism. If the group T# were ω-stable, we would have
nw(T#)  ω. However, T# contains a discrete subset of cardinality 2ω (see [13] or [16]),
so that nw(T#)= |T| = 2ω. Hence, the group T# is not ω-stable.
Anticipating results of the next section, we can comment right now that each of (1), (2)
and (3) of the above problem becomes a theorem in the case of P -groups. For (1), this
follows from Lemma 4.17, while Theorem 4.16 implies this claim for (2) and (3).
4. Characterization of R-factorizable P -groups
Here we prove, among other results, that a P -group is R-factorizable iff it is pseudo-
ω1-compact (Theorem 4.16). Let us start with two facts about the Hewitt–Nachbin and
Dieudonné completions. The first result slightly generalizes [15, 8.5.13(h)].
Lemma 4.1. Let X be a space such that every discrete family of open sets in X has a
non-measurable cardinality. Then υX= µX.
Proof. Let d be a continuous pseudometric on X. It suffices to show that d extends to a
continuous pseudometric on υX. Denote by X∗ = (X/d, d∗) the metric space associated
with (X,d) and let p :X → X∗ be the corresponding projection which assigns to a
point x ∈ X the equivalence class of all y ∈ X satisfying d(x, y) = 0. The map p is
continuous, so every discrete family of open sets in X∗ has a non-measurable cardinality.
Let τ = c(X∗)=w(X∗). Since X∗ has a σ -discrete base, we infer that either X∗ contains
a discrete family γ of open sets with |γ | = τ , or cf(τ )= ω and, for every µ< τ , the space
X∗ contains a discrete family of open sets of cardinality µ. In either case, the cardinal τ
is non-measurable [25, Chapter 23] and |X∗|  w(X∗)ω = τω. Therefore, X∗ also has a
non-measurable cardinality.
We conclude thatX∗ is realcompact as every metric space of non-measurable cardinality
[15, 8.5.13(h)]. Hence, p extends to a continuous map p˜ :υX→X∗. It remains to define
a continuous pseudometric  on υX by (x, y) = d∗(p˜(x), p˜(y)) for all x, y ∈ υX. If
x, y ∈X, then
(x, y)= d∗(p˜(x), p˜(y))= d∗(p(x),p(y))= d(x, y).
Therefore, the restriction of  to X coincides with d . Since υX is Dieudonné-complete,
this proves that µX = υX. ✷
Corollary 4.2. Let H be a topological group such that the index of boundedness ib(H) is
a non-measurable cardinal. Then µH = υH .
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Proof. By [39, Theorem 4.29], we have c(H)  2ib(H), so the cardinal c(H) is not
measurable (see [25, Chapter 23]). Since the cardinality of every discrete family of open
sets in H does not exceed c(H), we can apply Lemma 4.1 to conclude that µH = υH . ✷
Every R-factorizable subgroup H of a topological group G is z-embedded in G (see
[22,39]). Since every Gδ-dense, z-embedded subspace is C-embedded [8, Lemma 1.1],
the first part of the next result is a simple combination of these two facts. However, we
prefer to supply the reader with a direct proof of Proposition 4.3.
Proposition 4.3. Let H be a Gδ-dense R-factorizable subgroup of a topological group K .
Then H is C-embedded in K and K is R-factorizable.
Proof. Let f be a continuous real-valued function on H . We can find a continuous
homomorphism p :H →L onto a second countable topological group L and a continuous
function g :L→ R such that f = g ◦ p. Denote by K the completion of the group K .
Then H is dense in K , so p extends to a continuous homomorphism p˜ :K→ L, where
L is the completion of the group L. It is clear that the group L is second countable and,
since H is Gδ-dense in K , we conclude that p˜(K)= p˜(H)= p(H)= L. So, f˜ = g ◦ p˜|K
is a continuous extension of f over K . This proves that H is C-embedded in K .
A similar argument shows that the group K is R-factorizable. Indeed, given a
continuous function f0 :K → R, consider the function f = f0H and find a continuous
homomorphism p :H → L onto a second countable group L and a continuous function
g :L→R such that f = g ◦ p. If p˜ :K→ L is a continuous homomorphism extending
p, then p˜(K) = p(H) = L. So, the continuous functions f0 and f˜ = g ◦ p˜K coincide
on H . Since H is dense in K , we conclude that f0 = f˜ and, hence, the group K is R-
factorizable. ✷
Following Arhangel’skii’s [5,6], we say that a topological group G is a PT-group if the
group multiplication and inversion in G can be continuously extended over the Dieudonné
completion µG of G in such a way that µG becomes a topological group which contains
G as a dense subgroup. Clearly, every complete group is a PT-group. It is known that R-
factorizable groups are PT-groups [22,39], but the latter class is considerably wider [5,6].
We recall that ωK is the Gδ-closure of a topological group K in its completion K .
The following result complements [39, Theorem 5.23].
Corollary 4.4. Every R-factorizable group K satisfies υK = µK = ωK and, hence, is a
PT-group. In addition, the group ωK is R-factorizable.
Proof. The group K is Gδ-dense in L = ωK , so Proposition 4.3 implies that K is C-
embedded in L and L isR-factorizable. The group K is complete and, hence, Dieudonné-
complete. In addition, K is ℵ0-bounded as the completion of the ℵ0-bounded group K
[20]. Therefore, Corollary 4.2 implies that K is realcompact. Since K \L is the union
of Gδ-sets in K , the group L is also realcompact by Corollary 8.14 and Theorem 8.9
of [18]. In addition,K is C-embedded in L, so υK = L. Finally, Corollary 4.2 implies that
µK = υK = L. ✷
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Corollary 4.5. The following conditions are equivalent for a Gδ-dense subgroup H of an
R-factorizable group K:
(1) H is R-factorizable;
(2) H is C-embedded in K .
Proof. (2)⇒ (1). Since the group K is R-factorizable, the implication directly follows
from [36, Assertion 2.3] or [21, Theorem 2.4].
(1)⇒ (2). Follows from Proposition 4.3. ✷
It is worth mentioning that Gδ-dense subgroups of R-factorizable groups are not
necessarily R-factorizable (see Example 2.8).
Corollary 4.6. The equalities υH = µH = H are valid for everyR-factorizable P -group
H . In particular, a Dieudonné-completeR-factorizable P -group is complete.
Proof. Let H be the completion of anR-factorizableP -groupH . From (d) of Lemma 2.1
it follows that H is a P -group, so H is Gδ-dense in H and ωH = H . Since H is R-
factorizable, from Corollary 4.4 it follows that υH = µH = ωH = H .
If the group H is Dieudonné-complete, then H = µH and the above equalities imply
that H = µH = H . So, H is complete. ✷
Note that the ℵ0-bounded P -group H from Example 2.8 does not satisfy the equality
υH = H . Indeed, since the completion H of H is Lindelöf (hence R-factorizable) and
H is not R-factorizable, from Corollary 4.5 it follows that H is not C-embedded in H .
Therefore, υH = H . In fact, υH =H since H is a paracompact space of non-measurable
cardinality.
Proposition 4.3 and Corollary 4.5 show that there exists certain interplay between theR-
factorizability of a topological group and its Gδ-dense subgroups. The next result confirms
this for ω-stability.
Proposition 4.7. Let H be a dense C-embedded subgroup of an R-factorizable group K .
Then H is ω-stable iff K is ω-stable.
Proof. Since dense C-embedded subsets are Gδ-dense, Corollary 4.5 implies that the
group H is R-factorizable. Suppose that H is ω-stable and consider a continuous
homomorphism p :K → L onto a topological group L satisfying ψ(L)  ω. Since H
is Gδ-dense in K , we have p(H)= p(K)= L. Apply Lemma 3.19 to the ω-stable group
H to conclude that nw(L) ω. Again, Lemma 3.19 (applied to K in place of H ) implies
that K is ω-stable.
Conversely, suppose that the groupK is ω-stable. Again, let π :H → P be a continuous
homomorphism onto a topological group P with ψ(P)  ω. Since H is dense in both K
and K , π admits an extension to a continuous homomorphism π˜ :K→ P . The group
H is ℵ0-bounded as every R-factorizable group, and so is its homomorphic image P .
Since ψ(P)  ω, from [39, Proposition 4.5] it follows that there exists a continuous
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isomorphism i of P onto a topological group L of countable weight. Extend i to a
continuous homomorphism j :P → L and denote by N the kernel of j . It is clear
that the group L is second countable, so N has type Gδ in P . Let Q = π˜(K). Then
P ⊆Q and P is Gδ-dense in Q. Therefore, N ∩ P is Gδ-dense in N ∩Q. Since jP = i
and i :P → L is an isomorphism, we have N ∩ P = {eP }. Hence, the density of N ∩ P
in N ∩Q implies that N ∩Q = {eP }. In other words, the restriction of j to Q is again
a continuous isomorphism of Q onto j (Q) ⊆ L. Since the group K is ω-stable and
w(j (Q))  w(L)  ω, we conclude that nw(Q)  ω. The inclusion π(H) = P ⊆ Q
implies that nw(P )  nw(Q)  ω, so we can apply Lemma 3.19 to H and deduce its
ω-stability. ✷
Our next aim is to show that, for P -groups, the properties of being R-factorizable and
pseudo-ω1-compact coincide. This requires several steps.
Lemma 4.8. Let H be the family of all continuous homomorphisms of an ℵ0-bounded
P -group G onto P -groups of weight  ω1. If the images f (G) with f ∈H are Lindelöf,
then every f ∈H is open.
Proof. Consider a homomorphism f ∈H, say, f :G→ H . Let U be a neighborhood of
the identity e in G. Since the group G is ℵ0-bounded, (b) of Lemma 2.1 implies that there
exists an open normal subgroup P of G with P ⊆ U . Let ϕ :G→ G/P be the quotient
homomorphism. The group G/P is discrete and, hence, countable by Lemma 2.5. Let
ψ = f∆ϕ be the diagonal product of f and ϕ. ThenK =ψ(G) is a subgroup ofH×G/P ,
whence it follows that w(K) ω1. Since H is a P -group and G/P is discrete, the product
H ×G/P and its subgroup K are P -groups. By assumptions of the lemma, the group K
is Lindelöf. Denote by g the restriction to K of the projection of the product H ×G/P
to the first factor. Then f = g ◦ψ , so g(K)=H . Since K and H are Lindelöf P -groups,









Let p be the projection of the product H × G/P to the second factor and h = pK
be the restriction of p to K . Then from P = ϕ−1(e∗) and ϕ = h ◦ ψ it follows that
ψ(P) = h−1(e∗) is open in K , where e∗ is the identity of the discrete group G/P .
Therefore, f (P ) = g(ψ(P )) is open in H . We conclude that f (U) contains the open
neighborhood f (P ) of the identity in H , which implies that f is open. ✷
Corollary 4.9. Every continuous homomorphism f :G→ H of a pseudo-ω1-compact
P -group G onto a P -group H of weight  ω1 is open.
Proof. The group H is pseudo-ω1-compact as a continuous image of G, so H is Lindelöf
by Corollary 3.32. In addition, the group G is ℵ0-bounded according to Lemma 3.29.
Therefore, the homomorphism f is open by Lemma 4.8. ✷
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The following three results play the key role in the proof of Theorem 4.16. In a sense,
they enable us to replace a given pseudo-ω1-compact P -group by its quotient of weight
less than or equal to ω1, and this quotient group is Lindelöf by Corollary 3.32.
Lemma 4.10. Let G be a pseudo-ω1-compact P -group and L be the family of all quotient
homomorphisms f :G→ K onto groups satisfying w(K)  ω1. Then the family L is
ω1-complete.
Proof. Suppose that a family {fα : α < ω1} ⊆ L satisfies fβ ≺ fα whenever α < β < ω1.
Let f be the diagonal product of the maps fα’s and H = f (G). We also put Hα = fα(G)
for every α < ω1. Since H is a subgroup of the direct product
∏
α<ω1
Hα and w(Hα) ω1
for each α < ω1, we have w(H) ω1. Let us show that H is a P -group.
If α < ω1, then f ≺ fα , so there exists a continuous homomorphism gα :H →Hα such
that fα = gα ◦ f . Clearly, the family
B = {g−1α (V ): V is open in Hα, α < ω1}
constitutes a base of H . In addition, gβ ≺ gα if α < β < ω1, so there exists a continuous
homomorphism pβ,α :Hβ → Hα such that gα = pβ,α ◦ gβ . Hence, for every countable
subfamily γ = {g−1αn (Vn): n ∈ ω} of B, we can find an ordinal β < ω1 satisfying αn < β
for each n ∈ ω and a countable family {Wn: n ∈ ω} of open sets in Hβ such that
γ = {g−1β (Wn): n ∈ ω}. SinceHβ is a P -group by (c) of Lemma 2.1, the set W =
⋂∞
n=0 Wn
is open in Hβ and, hence,
⋂
γ = g−1β (W) is open in H . This implies that H is a P -group.
Finally, we apply Corollary 4.9 to conclude that the homomorphism f is open, so that
f ∈L. ✷
Corollary 4.11. Let H be a pseudo-ω1-compact P -group with ψ(H) ω1. Then w(H)
ω1.
Proof. There exists a family {Uα: α < ω1} of open neighborhoods of the identity e in
H such that {e} = ⋂α<ω1 Uα . Use (b) of Lemma 2.1 to define by recursion a family{Nα : α < ω1} of open normal subgroups of H such that Nβ ⊆ Nα ∩ Uβ whenever
α < β < ω1. For every α < ω1, let pα :H →H/Nα be the quotient homomorphism. It is
clear that pβ ≺ pα if α < β . Denote by p the diagonal product of the family {pα : α < ω1}.
Then K = p(H) is a subgroup of the direct product ∏α<ω1 H/Nα of countable discrete
groups and, hence, w(K)  ω1. From Lemma 4.10 it follows that the homomorphism









So, p is a topological isomorphism of H onto K and, hence, w(H)=w(K) ω1. ✷
Corollary 4.12. Every R-factorizable P -group is ω1-stable.
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Proof. Let G be an R-factorizable P -group. By Lemma 3.19, it suffices to verify
that if p :G → H is a continuous homomorphism onto a topological group H with
ψ(H) ω1, then nw(H)  ω1. Let N be the kernel of p and π :G → G/N be the
quotient homomorphism. Then there exists a continuous isomorphism i :G/N →H such
that p = i ◦π . Clearly,ψ(G/N) ω1. In addition, (c) of Lemma 2.1 and Lemma 2.6 imply
that G/N is a pseudo-ω1-compact P -group. Therefore, from Corollary 4.11 it follows that
w(G/N) ω1 and, hence, nw(H) ω1. ✷
Similarly to Lindelöf P -groups, every pseudo-ω1-compact P -group admits many open
homomorphisms onto groups of weight  ω1.
Lemma 4.13. The family L of all quotient homomorphisms of a pseudo-ω1-compact
P -group G onto groups of weight  ω1 is an ω1-lattice for G.
Proof. The family L is ω1-complete by Lemma 4.10. Let us verify that L is ω1-directed.
Suppose that γ is a subfamily of L satisfying |γ | ω1 and consider the diagonal product
p of the maps from γ . Then the homomorphism p is continuous and the image H = p(G)
satisfies w(H)  ω1. Let N be the kernel of p and π :G → G/N be the quotient
homomorphism. Then π ≺ p, so there exists a continuous isomorphism i :G/N →H such
that p = i ◦ π . The continuity of i implies that ψ(G/N)w(H) ω1, so w(G/N) ω1
by Lemma 4.11. Hence, π ∈L and π ≺ p ≺ ϕ for each ϕ ∈ γ . This proves that the family
L is ω1-directed.
Finally, apply (b) of Lemma 2.1 along with Lemma 3.29 to conclude that the familyN
of all open normal subgroups of G forms a base at the identity of G. For every N ∈ N ,
the quotient group G/N is discrete and ℵ0-bounded, whence |G/N |  ω. Therefore, the
quotient homomorphismπN :G→G/N is in L. This proves that L generates the topology
of G. ✷
The next result strengthens Corollary 3 of [41].
Corollary 4.14. Every pseudo-ω1-compact P -group G is ω1-cellular. In particular,
c(G) ω1.
Proof. Apply Lemma 4.13 and Theorem 3.5 (with τ = ω1). ✷
To shorten our arguments, we need the following simple lemma.
Lemma 4.15. Let G be a topological group with the property that for every continuous
function f :G → R, there exists a continuous homomorphism π :G → H onto an
R-factorizable group H such that π ≺ f . Then the group G is R-factorizable.
Proof. Let f :G→R be a continuous function. By assumptions of the lemma, we can find
a continuous homomorphismπ :G→H onto anR-factorizable groupH and a continuous
function g :H → R such that f = g ◦ π . Applying the R-factorizability of H , we find a
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continuous homomorphism p :H →K onto a second countable topological group K and










Clearly, the continuous homomorphism ϕ = p ◦ π of G onto K satisfies f = h ◦ ϕ. This
proves the lemma. ✷
Theorem 4.16. For a P -group G, the following conditions are equivalent:
(1) G is R-factorizable;
(2) G is pseudo-ω1-compact;
(3) G is ω-stable;
(4) G is ℵ0-bounded and every continuous homomorphic image H of G with ψ(H) ω1
is Lindelöf.
Proof. The implication (1)⇒ (2) is exactly Lemma 2.6, while the equivalence (2)⇔ (3)
follows from Proposition 3.28. Therefore, it suffices to show that (2)⇒ (1) and (4)⇔ (2).
(2)⇒ (1). Let G be a pseudo-ω1-compact P -group and f :G→ R be a continuous
function. By Lemma 4.13, the family L of all quotient homomorphisms of G onto
topological groups of weight  ω1 is an ω1-lattice for G. So, we can apply Theorem 3.8
(with τ = ω1 and X = S =G) to find π ∈ L, say, π :G→H such that π ≺ f . Note that
H is a pseudo-ω1-compact P -group as a quotient of the group G. Since w(H) ω1, the
group H is Lindelöf by Corollary 3.32. Hence, H is R-factorizable by (b) of Theorem 1.1
and the R-factorizability of G follows from Lemma 4.15.
(2)⇒ (4). Suppose that the group G is pseudo-ω1-compact. Then Lemma 3.29 implies
that G is ℵ0-bounded. Let f :G→H be a continuous homomorphism of G onto a group
H with ψ(H)  ω1. Denote by N the kernel of f . Then the quotient homomorphism
π :G→ G/N is open, so G/N is a P -group by (c) of Lemma 2.1. Clearly, there exists
a continuous isomorphism i :G/N → H such that f = i ◦ π . Therefore, ψ(G/N) 
ψ(H)  ω1. Note that the group G/N is pseudo-ω1-compact as a continuous image of
G, so Corollary 4.11 implies that w(G/N) ω1. Hence G/N is Lindelöf by Lemma 3.31,
and so is H = i(G/N).
(4)⇒ (2). Suppose that (4) holds for G. If G contains a discrete family {Uα : α < ω1}
of non-empty open sets, then we apply (b) of Lemma 2.1 to choose, for every α < ω1,
a point xα ∈ Uα and an open normal subgroup Pα of G such that Vα = xαPα ⊆ Uα .
Then the family γ = {Vα: α < ω1} is discrete in G. Put P = ⋂α<ω1 Pα and consider
the quotient homomorphism π :G→G/P . Then ψ(G/P)  ω1 and, by our assumption,
the group G/P is Lindelöf. Since the homomorphism π is open and Vα = π−1π(Vα) for
each α < ω1, the family {π(Vα): α < ω1} is discrete in G/P . This contradicts the Lindelöf
property of G/P . Therefore, the group G is pseudo-ω1-compact. ✷
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From Lemma 2.6 and Corollary 3.32 it follows that every R-factorizable P -group G
satisfying w(G) ℵ1 is Lindelöf (see also [40, Lemma 2.2]). Now we present an example
which shows that the restriction on the weight of G is essential. In addition, our example
solves Problem 3.6(b) of [36] in the negative. We start with a simple fact.
Lemma 4.17. A regular weakly Lindelöf P -space is Lindelöf.
Proof. Let γ be an open cover of a regular weakly Lindelöf P -space X. Clearly, X has a
base of clopen sets, so we can assume that all elements of γ are clopen. By our assumption,
γ contains a countable subfamily λ such that the union
⋃
λ is dense in X. Since X is a
P -space, this union is closed in X and, hence, X =⋃λ. ✷
Example 4.18. For every cardinal λ > ω1, there exists an R-factorizable P -group Hλ of
cardinality λ which is not weakly Lindelöf.
Let Z(2) be the discrete two-element group {0,1} and λ > ω1 be a cardinal. For every
element x ∈ Z(2)λ, define the support of x by
supp(x)= {α < λ: x(α)= 1}.
Then
G= {x ∈ Z(2)λ: supp(x) is finite}
is a subgroup of Z(2)λ which is called the direct sum of λ copies of the group Z(2). We
endow G with the ω-box topology whose base consists of the sets G ∩ π−1A (y), where
A⊆ λ is a countable set, πA :Z(2)λ → Z(2)A is the projection, and y ∈ Z(2)A. It is easy
to see that G with the ω-box topology is a P -group. By Comfort’s theorem in [10], G is
Lindelöf. Hence, the group G is R-factorizable by (b) of Theorem 1.1.
Consider the subgroup H =Hλ of G defined by
H = {x ∈G: ∣∣supp(x)∣∣ is even}
and note that |G| = |H | = λ. Clearly, H is a P -group as a subgroup of G. We claim that H
is a dense R-factorizable subgroup of G which fails to be weakly Lindelöf. This requires
two steps.
The density ofH in G is clear because basic open sets in G depend on at most countably
many coordinates. In fact, H has the following stronger property:
πB(H)= πB(G) for each B ⊆ λ with |B| ω1. (∗)
Indeed, given B ⊆ λ with |B| ω1 and a point y ∈ πB(G), one can always find x ∈ Z(2)λ
with a finite support of even cardinality such that x and y coincide at each coordinate in B .
Then x ∈H and πB(x)= y . This proves (∗).
Now we show that H is C-embedded in G. Consider the family
R= {πA|G: A⊆ λ, |A| ℵ1}.
Each group πA(G)  Z(2)A inherits the ω-box topology from Z(2)A. It is clear
that w(πA(G))  ℵ1 for each A ⊆ λ with |A|  ℵ1. One easily verifies that the
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homomorphisms πAG :G→ πA(G) are open and continuous. In addition, R is an ω1-
lattice for G. Therefore, Theorem 3.8 (with τ = ℵ1 and X = G, S = H ) implies that,
for every continuous function f :H → R, one can find a set A ⊆ λ with |A|  ℵ1 and
a continuous function g :πA(H)→ R such that f = g ◦ πAH . Then (∗) implies that
πA(H) = πA(G), so f˜ = g ◦ πAG is a continuous extension of f over G. Thus, H is
C-embedded in the Lindelöf group G.
By Corollary 4.5, the group H is R-factorizable. Note that H is not Lindelöf since it
is a proper dense subgroup of the P -group G. Hence, by Lemma 4.17, H is not weakly
Lindelöf.
The group Hλ in Example 4.18 is a subgroup of a Lindelöf P -group. This fact makes it
interesting to answer the following question.
Problem 4.19. Is it true that every R-factorizable P -group is a subgroup of a Lindelöf
P -group?
By Proposition 2.3, Lindelöf P -groups are complete. Since complete subgroups of
topological groups are closed, Problem 4.19 is equivalent to asking whether H is Lindelöf
for every R-factorizable P -group H .
The next question is a special case of Problem 3.35(3).
Problem 4.20. Is any pseudo-ω1-compact (or ω-stable) subgroup of a Lindelöf topological
group R-factorizable?
Problem 4.21. Is every Lindelöf P -group monolithic?
Note that the above problem is equivalent to the problem of whether every Lindelöf
P -space is monolithic. Indeed, if X is a Lindelöf P -space, then the free topological group
F(X) over X is a Lindelöf P -group [33, p. 793] and X is a closed subspace of F(X).
Therefore, if X fails to be monolithic, then so does F(X).
Problem 4.22. Does the equality w(G)=ψ(G) hold for every R-factorizable P -group G
with w(G) < ℵω?
Note that, by Corollary 3.24 and Lemma 3.19, every Lindelöf P -group G with w(G) <
ℵω satisfies the equality nw(G)= ψ(G). In fact, this equality can be improved. It is easy
to verify that if X is a Lindelöf P -space and x ∈ X, then χ(x,X) = ψ(x,X) provided
that ψ(x,X) < ℵω. Since the character and weight of ℵ0-bounded topological groups
coincide by [39, Proposition 4.1], we conclude that every Lindelöf P -group G satisfies
w(G)=ψ(G) provided that ψ(G) < ℵω.
On the other hand, if λ= ℵω, then the completion Gλ of the group Hλ in Example 4.18
is a Lindelöf P -group which satisfies ψ(Gλ) |Gλ| = λ, but an easy diagonal argument
implies that w(Gλ) > λ.
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5. Products and homomorphic imagesVery little is known about products of R-factorizable groups. It is an open problem,
for example, whether the product of an R-factorizable group with a compact group is R-
factorizable (see [36, Problem 4.2]). In fact, this problem is equivalent to asking whether
everyR-factorizable group is pseudo-ω1-compact [39, Section 5]. We show in Theorem 5.5
that arbitrary direct products of R-factorizable P -groups are R-factorizable.
An application of the standard ∆-lemma argument (see [23, A2.3] or [25, Theo-
rem 16.1]) implies the following auxiliary result.
Lemma 5.1. Suppose that every finite subproduct of a product X =∏α∈AXα is pseudo-
ω1-compact. Then X is also pseudo-ω1-compact.
The technical lemma below easily follows from [39, Proposition 4.5], so we omit its
proof.
Lemma 5.2. Let G=∏i∈I Gi be a direct product of τ -bounded topological groups and
ϕ :G→ K be a continuous homomorphism to a group K with ψ(K)  τ . Then one
can find, for every i ∈ I , a quotient homomorphism pi :Gi → Hi onto a group Hi with
ψ(Hi) τ and a continuous homomorphism h :
∏
i∈I Hi →K such that ϕ = h ◦p, where
p :G→∏i∈I Hi is the direct product of the homomorphisms pi ’s.
The next simple fact is specific for topological groups; its analogs for topological spaces
always have various additional assumptions about the factors.
Lemma 5.3. Let G=∏i∈I Gi be a direct product of topological groups and p :G→H
be a continuous homomorphism to a topological group H satisfying ψ(H) τ . Then there
exists a set J ⊆ I with |J | τ such that the projection πJ :G→GJ =∏i∈J Gi satisfies
πJ ≺ p.
Proof. Choose a family {Uα : α < τ } of open sets in H such that {e} =⋂α<τ Uα , where
e is the identity of H . Since the homomorphism p is continuous, for every α < τ , there
exists a basic open neighborhood Vα of the identity in G such that p(Vα)⊆Uα . Let Jα be




It is clear that |J | τ . From our choice of the sets Uα and Vα it follows that kerπJ ⊆
kerp. Therefore, there exists a homomorphism ϕ :GJ → H such that p = ϕ ◦ πJ . Since
πJ is an open homomorphism, ϕ is continuous. This implies that πJ ≺ p. ✷
The next lemma is an essential step in the proof of Theorem 5.5; it generalizes
Corollary 4.11.
Lemma 5.4. Let G =∏n∈ω Gn be a product of R-factorizable P -groups. If ϕ :G→ K
is a continuous homomorphism onto a group K with ψ(K) ω1, then K is Lindelöf and
nw(K) ω1.
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Proof. Apply Lemma 5.2 to find, for every n ∈ ω, a quotient homomorphism pn of Gn
onto a group Hn with ψ(Hn)  ω1 and a continuous homomorphism h :
∏
n∈ω Hn → K
such that ϕ = h ◦ p, where p =∏n∈ω pn :G→∏n∈ω Hn is the product homomorphism.
Then, by (c) of Lemma 2.1, Hn is a P -group for each n ∈ ω. From Lemma 2.6 it follows
that the groups Gn’s are pseudo-ω1-compact, and so are the groups Hn = pn(Gn). In
addition,w(Hn) ω1 by Corollary 4.11. Therefore, Corollary 3.32 implies that each group
Hn is Lindelöf. Since a countable product of Lindelöf P -spaces is Lindelöf by Noble’s
theorem in [26], we conclude that the group H =∏n∈ω Hn is Lindelöf and w(H)  ω1.
So, the group K = h(H) is also Lindelöf and satisfies nw(K) ω1. ✷
Theorem 5.5. An arbitrary direct product G =∏α∈AGα of R-factorizable P -groups is
R-factorizable. Furthermore, for every continuous real-valued function f on G, there
exists a quotient homomorphism π :G→ L onto a second countable group L such that
π ≺ f .
Proof. For every non-empty set B ⊆ A, denote by πB the projection of G onto GB =∏
α∈B Gα . Since R-factorizable groups are ℵ0-bounded and the class of ℵ0-bounded
groups is productive, GB is an ℵ0-bounded P -group for each finite B ⊆ A. Hence,
Lemma 5.4 and the equivalence (4)⇔ (1)⇔ (2) of Theorem 4.16 together imply that the
group GB is R-factorizable and pseudo-ω1-compact for each finite B ⊆A. So, the product
group G is pseudo-ω1-compact by Lemma 5.1. Therefore, every continuous function
f :G→ R depends on at most countably many coordinates by Glicksberg’s theorem in
[19]. In other words, there exist a countable subset C of A and a function g :GC →R such
that f = g ◦ πC . The continuity of g follows from the fact that the projection πC is open.
Concluding, we may assume without loss of generality that the index set A is countable.
Our next step is to find an upper bound for the cellularity of G. If B ⊆ A is finite,
then the P -group GB is pseudo-ω1-compact and Corollary 4.14 implies that c(GB) ω1.
Therefore, c(G) ω1 by a theorem of Noble and Ulmer [27].
Let f :G→ R be a continuous function. Note that wL(G)  c(G)  ω1 and apply
Theorem 3.33 to find a continuous homomorphism ϕ :G → H onto a group H with
ψ(H)  ω1 and a continuous function g :H → R such that f = g ◦ ϕ. Then apply
Lemma 5.2 to find, for every α ∈A, a quotient homomorphismpα :Gα →Hα onto a group
Hα with ψ(Hα) ω1 such that p ≺ ϕ, where p :G→∏α∈AHα is the direct product of
the homomorphisms pα’s. Since ψ(
∏
α∈AHα) ω1, Lemma 5.4 implies that the product
group
∏
α∈AHα is Lindelöf. To simplify notation, we can assume that ϕ = p and, hence,
H = ∏α∈AHα . Note that the homomorphism p is open as the direct product of open
homomorphisms pα’s.
Since the group H is Lindelöf, from (b) of Theorem 1.1 it follows that it is R-
factorizable. So, there exist a continuous homomorphism ψ :H → K onto a second
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Again, apply Lemma 5.2 to find a family {qα: α ∈ A} of quotient homomorphisms
qα :Hα →Kα onto groups Kα of countable pseudocharacter such that the direct product q
of the homomorphisms qα’s satisfies q ≺ψ . Clearly, the homomorphism q is open. Since
each Hα is an ℵ0-bounded P -group, from Lemma 2.5 it follows that Kα is a countable
discrete group. Note that the group
∏
α∈AKα is second countable, so we can assume
that q = ψ and K =∏α∈AKα . Therefore, the homomorphism π = ψ ◦ ϕ of G to the
second countable group K is open and satisfies the equality f = h ◦ π . This proves the
theorem. ✷
In fact, Theorem 5.5 admits the following complement which generalizes Corollar-
ies 3.20, 4.12 and 4.14.
Proposition 5.6. Let G=∏i∈I Gi be a direct product of R-factorizable P -groups. Then
G is τ -stable for τ ∈ {ω,ω1} and satisfies celω1(G) ω1.
Proof. First, we claim that G has an ω1-lattice of quotient homomorphisms onto groups of
weight  ω1. Indeed, by Lemma 4.13, each group Gi admits an ω1-lattice Li of quotient




pi : pi ∈ Li for each i ∈ J
}
.
It is clear that every homomorphism p ∈ LJ is open. In addition, if |J |  ω1, then
w(p(G))  ω1 for each p ∈ LJ and an easy verification shows that the family LJ is
ω1-complete, ω1-directed and generates the topology of GJ =∏i∈J Gi . Therefore, LJ
is an ω1-lattice for GJ . Finally, we set
L= {p ◦ πJ : J ⊆ I, |J | ω1, p ∈ LJ },
where πJ :G→GJ is the projection. An easy verification shows that L is an ω1-lattice of
quotient homomorphisms for G. This proves our claim.
Therefore, celω1(G) ω1 by Theorem 3.5, while Corollary 3.10 implies that the group
G is ω1-stable.
To prove the ω-stability of G it suffices, by Lemma 3.19, to show that every continuous
homomorphic image K = ϕ(G) with ψ(K) ω satisfies nw(K) ω. By Lemma 5.3, the
homomorphism ϕ :G→K depends on at most ω coordinates, so we can assume that I is
countable. Apply Lemma 5.2 to find, for every i ∈ I , a quotient homomorphism pi :Gi →
Hi onto a group Hi with ψ(Hi) ω and a continuous homomorphism h :
∏
i∈I Hi → K
such that ϕ = h ◦ p, where p :G→∏i∈I Hi is the direct product of the homomorphisms
pi ’s. From Lemma 2.5 it follows that each quotient Hi of Gi is a countable discrete group,
so the product group H =∏i∈I Hi has countable weight. Hence, nw(K)  w(H)  ω.
Since the group G is R-factorizable by Theorem 5.5, Lemma 3.19 implies that G is
ω-stable. ✷
Problem 5.7. Let G be a Lindelöf P -group. Is it true that the product group G × H
is R-factorizable for every pseudo-ω1-compact R-factorizable group H ? What if H is
ω-stable?
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One of the main problems about R-factorizable groups concerns the stability of this
class with respect to taking continuous homomorphic images. It is known that quotients of
R-factorizable groups areR-factorizable [36, Theorem 3.10], so it is tempting to conjecture
that the same is true for arbitrary continuous homomorphic images of R-factorizable
groups (see [36, Problem 3.9]). The next theorem confirms this in the special case of direct
products of R-factorizable P -groups (which are R-factorizable by Theorem 5.5).
Theorem 5.8. A continuous homomorphic image of an arbitrary direct product of R-
factorizable P -groups is R-factorizable.
Proof. Let G=∏i∈I Gi be a direct product of R-factorizable P -groups and ϕ :G→H
be a continuous homomorphism of G onto a topological group H . Consider a continuous
function f :H → R. By Theorem 5.5, we can find a quotient homomorphism π :G→K
onto a second countable group K and a continuous function g :K→R such that f ◦ ϕ =
g ◦π . Put N = kerπ and M = ϕ(N). It is clear that N and M are closed normal subgroups
of G and H , respectively. The equality f ◦ ϕ = g ◦ π implies that f is constant on every
coset of ϕ(N) in H and, by the continuity of f , the same remains valid for cosets of M
in H . Let p :H → H/M be the quotient homomorphism. Then there exists a function













Note that kerπ = N ⊆ kerψ , so there exists a homomorphism q :K → H/M such that
ψ = q ◦ π . Again, π is open, so q is continuous. Therefore, the group H/M = q(K) is
Lindelöf and, hence, R-factorizable. We conclude that the homomorphism p :H →H/M
to the R-factorizable group H/M satisfies p ≺ f , so Lemma 4.15 implies that H is also
R-factorizable. ✷
Corollary 5.9. Every continuous homomorphic image of an R-factorizable P -group is
R-factorizable.
Since R-factorizable P -groups are ω-stable by Corollary 3.20, one can try to generalize
Corollary 5.9 as follows.
Problem 5.10. Is every continuous homomorphic image of an R-factorizable ω-stable
group R-factorizable?
Finally, we consider the minimal variety V(ω) of topological groups which contains
Lindelöf Σ-groups and is closed under taking direct products, continuous homomorphic
images and dense subgroups. Our aim is to show that all groups in V(ω) areR-factorizable.
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For the properties of Lindelöf Σ-spaces and Lindelöf Σ-groups, see [1] and [37,41],
respectively.
Since every continuous homomorphism p :G → H of topological groups admits
an extension to a continuous homomorphism p˜ :G → H , the following lemma is
immediate.
Lemma 5.11. A topological group H belongs to V(ω) iff H is a dense subgroup of a
continuous homomorphic image of a direct product of Lindelöf Σ-groups.
By [39, Theorem 5.10], direct products of LindelöfΣ-groups and their dense subgroups
are R-factorizable. Again, ω-stability is very useful for extending this result to the groups
from V(ω).
Let us recall that a space X is said to be perfectly κ-normal (or an Oz-space) if the
closure of every open set is a zero set in X. Evidently, this class of spaces is hereditary
with respect to both open and dense subsets (see [7]).
Theorem 5.12. Every group in V(ω) is R-factorizable and perfectly κ-normal.
Proof. Let G =∏i∈I Gi be a direct product of Lindelöf Σ-groups and ϕ :G→ H be
a continuous homomorphism of G onto a topological group H . By [1, Corollary 3], the
group G is stable, and so is its continuous image H . In addition, [39, Theorem 4.21]
implies that celω(G)  ω, so that c(G)  ω and, hence, c(H)  ω. According to [41,
Theorem 3], every ω-stable topological group of countable cellularity is perfectly κ-
normal; in particular, so is H . From c(H) ω it follows that H is weakly Lindelöf, and
we can apply Proposition 3.34 to conclude that the group H is R-factorizable.
Finally, consider an arbitrary dense subgroup K of H . By Lemma 5.11, it suffices to
show that K is perfectly κ-normal andR-factorizable. The first property of K is immediate
since K is a dense subgroup of the perfectly κ-normal group H . In addition, Theorem 5.1
of [7] implies that K is z-embedded in K0. Now the required conclusion follows from [39,
Theorem 5.16]: a z-embedded subgroup of an R-factorizable group is R-factorizable. ✷
Remark 5.13. By [38, Corollary 3.5], every topological group H representable as a
continuous image of a product of Lindelöf Σ-spaces satisfies celω(H) ω. Therefore, the
argument in the proof of Theorem 5.12 shows that such a group H (as well as an arbitrary
dense subgroup of H ) is also R-factorizable and perfectly κ-normal.
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